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The effects of dielectric saturation on planar electric double layers in salt solutions are examined by solving the Poisson-
Boltzmann equation analytically where the dielectric constant is given as a function of the electric displacement. The activ-
ity and the distribution of small ions, the surface potential and the Donnan potential are calculated. The salt exclusion pa-
rameter and the Donnan potential decrease while the surface potential increases as a result of the dielectric saturation. The
electrostatic entropy is affected considerably by the dielectric saturation while the electrostatic energy is little influenced.
Generally, the effects of dielectric saturation on the distribution of small ions and the thermodynamic properties are en-

hanced by the addition of salt.

1. Introdaction

The effects of dielectric saturation on planar elec-
tric double layers have been examined in terms of the
dielectric constant € which is expressed as a function
of the electric field, £ [1—3]. Recently, we have pro-
posed the following expression of the dielectric con-
stant € as a function of the electric displacement D,
instead of E, from a phenomenological approach [4],

€ =(ep +3aD?)/(1 +aD?). m

Here €5 denotes the dielectric constant at a vanishing-
ly small field strength and « is a parameter represent-
ing the extent of dielectric saturation. Eq. (1) was
compared with other expressions proposed by several
authors [4]. Eq. (1) has several advantages over other
expressions.

(a) The Poisson-Boltzmann equation can be analyt-
ically solved for most cases, since the dielectric con-
stant is given as a function of the electric displace-
ment [see eq. (8)]. o

(b) The expression has been derived from a general
consideration on thermnodynamics and electrostatics.
Accordingly, the physical basis of eq. (1) is clearer
than that proposed by rahame [1].
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(c) The expression is relatively simple as compared
with others derived from the statistical mechanical ap-
proach [5-8].

(d) The expression is given in a closed form to
cover the whole range of D. Therefore, it can be ap-
plied to a higher field strength than other series ex-
pansions which contain only the terms up to £2 [2,3].

(e) The dielectric constant at infinitely high field
strengths is given as 3, which has been assumed in pre-
vic 35 studies. Since €1. (1) is an approximate one,
this limiting value of 3 became independent of the
material.

In the previous study [4], planar electric double
layers were examined in the absence of added salts.

In the present study, planar double layers are exam-
ined in the presence of simple salts by using eq. (1).
As in the foregoing studies [1-—-3], we confine our-
selves to che calculations of the electric potentials,
the distribution of small ions, and the thermodynam-
ic quantities. To facilitate these calculations, a model
of an assembly of parallel plates with surface charges
is employed. This model is convenient to study the
thermodynamic properties of planar polyelectrolyte
solutions and to understand, for example, the electro-
static properties of the beta-structure of polypeptides
[9]. Biological membranes are often highly charged
and may have a strong hydration layer in which the
dielectric constant is lowered. It is hoped that the
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Fig. 1. Schematic representation of the system. Infinitely large plates are placed in a salt solution (C,) with a uniforin interplate
distance d. The distance from the surface is denoted as x. The whole solution is in osmotic equilibrium with an gxternal sait solu-
tion (C,) through a semi-permeable membiane. Reduced surfzce potential ¢p and reduced Donnan potential ¢ (d/2) are shown,
which are calculated for a particular set of parameters: d = 100 A, surface charge density is 0.01 protonic charge/A%, C;= 1072 M.
a is given in the unit of (cm?/esw)?. Cg is 1.511 X 1073 M for « = 0 and 1.683 X 1073 M for o = 107*1. Spatial distribution of elec-

iric potential is shown only schematically.

present treatment will give a basis for the future anal-
ysis of the effect of the dielectric saturation on the
property of biological membranes.

As in the previous paper [4], what we wish to pres-
ent here is a phenomenological approach to the prob-
lem. The macroscopic concept of dielectric saturation
must have a molecular basis, Therefore, the present
problem is to be handled also from a microscopic
standpoint. The results of the present treatment must
be compated with the results of a molecular dynamical
approach, in future.

2. Solution of the Poisson-Bolizmann equation under
osmotic equilibrium

Consider a series of parallel plates immersed in a
salt solution, in an osmotic equilibrium with an exter-
nal salt solution through a semi-permeable membrane
as depicted in fig. 1. Positive charges are assumed to
spread over the surface with a uniform density o. The
added salt is a uni-univalent type and has a commmon
counterion species to that originating from the sites

_on the surface of plates. The reference point for eiec-
- tric potential V¥ (x) is taken in the bulk of the exter-
nal solution. Accordingly, the potential at the mid-

point between two plates ¥ (d/2) stands for the
Donnan potential. The Donnan potential decreases as
the interplate distance d increases and/or as the exter-
nal salt concentration C; increases. In the limit where
the Donnan potential is negligible, the system under
consideration is reduced to a single plate immersed in
an infinite voiume of the salt solution.

Concentrations of counterions C_(x) and coions
C,(x) are given by the Boltzmann law in terms of the
external salt concentration C, and the reduced poten-
tial ¢, defined as eg Y/KT, where the Boltzmann con-
stant, the protonic charge, and the absolute tempera-
ture are denoted as k, e, and T, respectivelv. The con-
centrations C;, C_ and C, are expressed in (ions/cm3)
unless otherwise stated.

C_(x)=C.exp(9), C,{x)=C;exp(—9). @

The Poisson—~Boltzmann equation is written as follows
in terms of the electric displacement D.

dD/dx = -8 megy C sinh (¢). €3]
Differentiation of eqg. (3) with respect tox yields,
d2Dfdx? = (8 meg CLkTY

X [1+ (8 meg €2 (AD(dx)*1Y2 (Dfe). “@
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If sinh (@) is written as z(x) then egs. (3) and (4) can
be rewritten as follows.

z = —(8wegCl)~} (dAD/dx). ®) '
dz/dx = (1 +22)2 (—ep/kT)(D/6). ©)
Eq. (€¢) can be rearranged into eq. (7) if eq. (5) is used.

d@1 +22)1? = @nCxT)~1 (D/€) aD. @)
Using the boundary conditicn that D=0 at x =d/2

(midpoint), we can carry out the integration of eq. (7).

1+25)R - +zh'?

D
=@=ckr)~! [ (/e ap, @®)
0
where z; = z (x = df2) = sinh ¢(d/[2). 9
Introduction of eq. (1) into eq. (8) leads to
Q+z2)12 _(1+zH12
-3 + 3(¥D2
= (487C.kT)"! [Dz = m(eo ) .(10)

In terms of dimensionless quantities defined below,
egs. (5) and (10) are rewritten into egs. (11) and (12),
respectively.

z=—(1/B)(@dY/dX), anv

A +z5)2 —(1+23)?

€n—3 en+124Y2
= (¢0/6B) [Yl— 0 m( 0 = )] (12)

Here Y =D/D4, Da=2¢yk {eod B= (xd[2)>.
A= aDd/4 X=2x/d,and k 81reoC' /eO kT

Eq. (12) is solved for z and the result is substituted
into eq. (11), and the integration is made between X
=1 and X; then, we obtain,

Y Y
[z-tar=[ar {(60/63)
i 0

]
2
124 €
2 -2 4
+(1+zi")1’2) —1} =— [Bax=Ba-X).
1

From another boundary condition at the surface
Dy =D(X =0)=—dnu0

z1 can be determined by the following equation.

(o is expressed as esu/cm?),

Yo

[ z1ar=s, (14)
0
where Yy =Dy /Dy.

The solution of the Poisson-Boltzmann equation
for the case where the dielectric saturation is not taken
into account, i.e., a = 0, has been given by Verwey
and Overbeek [10]. It is pertinent to give the result in
the present notations.

Y
o) =9@/2) +B [ (¥/2)ay. (15)
0
z={[¥22B +(1+z)12]12 _ 2. (16)

3. Distribution and activities of small ions

When z; is determined from eq. (14), the Donnan
potential and activities of counterions z_ and of
coions a, can be evaluated as follows.

Y(df2)= (kT/ey) 9(d(2)
= (kT/eg) In {z; + (1 +z 1)1} a7

_=Cl{z;+Q +zHH%}
and
=C{@ +z])? —z,}. (18)

In the case of no added salt where the total number
of counterions is fixed under a given charge density,
there is an upper limit for the counterion activity a_
[4]. In the present system, the number of counterions
is not fixed since they can be supplied from a reser-
voir (the external salt solution). However, limiting val-
ues for the counterion actlvxty also exist when C is
moderately small. When C' is about 10— M, the hmlt-
ing values coincide with the results obtained for the
case of no added salts for most interplate distances.

The salt concentration of the internal solution C
is defined as the average or stoichiometric concentra-
tion of coins ().
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:lr':gl;)innan_ salt exclusion pﬁmméter T for a charge density of 0.01 eg/A

i N o103 102 0.1 02 ot
a® =101 1.13 X 1072 3.40% 1072 9.33 X 1072 0.123 0.172
‘=0 1.1;4 X 1072 3.53 x 1072 0.103 0.139 0.196
ratio ) 1.00 09 0.91 0.88 0.88

a) 4 is expressed as (cm? fesn)?.

a2 -
C;=«€p=@ld) [ Ciexp(—¢)dx
o

Yo .
=(C;/B){ [ 1a+2" 7 ay- Yo]- as)
0

The analytical or average concentration of counterions
C_ is given as follows.

(C_)=C,+C,=C,+20/(egd),

where C, denotes the counterion concentration
originated from sites on the plates.

Interaction between salt and polyelectrolyte com-
ponents (charged plates plus counterions) can be de-
scribed in terms of the well-known Domnnan salt excl-
sion parameter. Some numerical results on the salt ex-
clusion parameter at infinite dilution I are given in
tablel,ie., '

r'= lim (C.—C)/C,.
cJim, €=l

20)

(€2))

The salt exclusion parameter in this limit I' decreases
as a result of dielectric saturation. Hence the effect of
dielectric saturation reduces the repulsive interactions
between salt and polyelectrolyte components. How-
ever, the effect disappears as C_ approaches cero and
the same limiting value of T" is obtained at zero salt
concentration irrespective of a. This is consistent with
the statement that the macroscopic dielectric constant
can be used to describe thermodynamic properties of
polyelectrolyte solutions in the limit of infinite dilu-
tion [11]. Accordingly, the addition of saits causes a
-deviation from this limiting behavior and effecis of
dielectric saturation become enhanced as the salt is
added.

Activity coefﬁments of counterions and coins are._

) Ratio = I'(e = 107 M)/T (a = 0).

evaluated from eas. (18), (19) and (20). Effects of di-
electric saturation on activity coefficients of both
counterions and coions are almost independent of the
external salt concentration in a wide range between 10—6
M and 0.5 M. The effects are appreciable only for short
interplate distances, where counterions are attracted
more strongly to the surface as a result of dielectric
saturation. On the other hand, the dielectric saturation
has almost no effect on coion activity coefficients.

4. Surface potential of plates and the Donnan
potential

Reduced Donnan potential ¢(d/2) is given by eq.
(17). An example for a surface charge density of 0.01
ep/A2 is given in table 2. It is to be noted that the di-
electric saturation reduces the Donnan potential.

The reduced surface potential ¢ is evaluated as
follows

eq eqnd
dp=—2 Edx=—

xT 2eAT (22)

1 e
, 0
Agp=¢p—9@/)= [ 2 ¥Yax
0
La+aD?)e
f( )€ y ax
o €o+3aD?
e, Yo 2y
=_gf Y(1+44Y%) 4y (23)
B o z(eo-l-IZAYz)

do = Adp + 6(d/2) = Ady +In[z, + (1 +22)V2]. (24)
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Table 2 . - .

Reduced Donnan potential for a charge density of 0.01 eg/A2 for various interplate distances d and external salt concentrations Cg
c.on 1076 1073 1072 0.1 0.5
d=10A

a=1n"113) - 13.216 7.308 5.006 2.706 1.155
a=0 14418 7.510 5.208 2.907 1.335
d=102A

=101 10.337 3.430 1.177 0.029 o
a=0 10.419 3.511 1.251 0.035 0
d=103A

a=107" 5.882 0.042 0 0 0
a=0 5.892 0.043 0 0 0

3) & is expressed in (cm?/esu)2.

The reduced surface potential ¢ decreases linearly
with In C, if C_ is not too large as shown in fig. 2. It
gradually levels off as C, becomes large. The dielectric
saturation does not affect this logarithmic dependence
on C; but only increases ¢ by nearly a constant ’
amount. In fig. 2 the difference [¢g(a=10—11)

— ¢ (a=0)] is also shown. The difference is almost

independent of C_ for small values of C,. However,
since the potential ¢ itself increases rapidly for small
values of C,, the relative magnitude of the effect of
dielectric saturation becomes progressively small as
the condition of infinite dilution is approached. The
difference is independent of the interplate distance d
if d is larger than 100 A. When d is 10 A, the differ-
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Fig. 2. Reduced surface potential for a charge density of 0.01 protonic charge/A at different extemal salt concentrations C;. In-
terplate distance d: 10 A (dotted lines) and 10°—10% A (solid lines). Reduced surface potential ¢p: (a) = 107! and (b) a = 0.
Differences between curves (a) and (b)), ¢p (@ = 10721) — ¢o (« = 0), are given by curves (c).
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Fig. 3. Potentiomeztric titration curves for an isolated plate.
Solid and dotted curves correspond toa= 10" and o =0
(cm?/esu)?, respectively. Salt concentrations C(M); (from
top to bottom) 10>, 1072, 1072, and 0.5.

ence becomes smaller and its dependence on C, is fur-
ther reduced. The reduced surface potential ¢ itself
decreases only slightly with the interplate distance d
for d smaller than 100 A but it remains nearly con-
stant for d larger than 100 A. This constant value cor-
responds to the potential of an isolated plate immersed
in an external salt solution. The dependence of the re-
duced surface potential in this limit on the surface
charge density is given in fig. 3 for different external
salt concentrations. The curves in fig. 3 are regarded
as the potentiometric titration curves at zero poly-
electrolyte concentration.

When the effect of dielectric saturation on the sur-
face potential at a constant (internal) salt concentra-
tion is considered, the reference point for the electric
potential is taken at the midpoint between two adja-

Csimh)

Fig. 4. Reduced surface potential refered to the midpoint be-
tween two adjacent plates for a charge density of 0.01 protonic
charge/A at different internal salt concentrations C,. Solid
lines: a = 0, dotted lines: a = 1071 (cm?/esu)?. Interplate dis-
tance d (A): () 103 and 10%, (b) 102, and (c) 10.

cent plates. Therefore, Agy [= ¢ — ¢(d/2)] should be
computed instead of ¢;. Values of Ag, for a charge
density of 0.01 ¢ /A2 are shown in fig. 4. Linearity
between Agg and In C, holds if the interplate distance
d is larger than 103 A. But the deviation from the lin-
earity occurs when d is smaller than 100 A. The dielec-
tric saturation again does not affect the dependence

of Agg on C but increases Ag¢y, by nearly a constant
amount. Contrary to the Donnan potential or the sur-
face potential, Ag increases considerably with increas-
ing interplate distance d for a range of d smaller than
103 A but it becomes independent of d for d larger
than 103 A,

Effec.s of dielectric saturation on electric poten-
tials are summarized as follows. Both ¢ at a constant
C_and Aggat a constant C increase due to this effect
while the Donnan potential decreases. This is under-
standable since the spatial distribution of the electric
potential is modified by the effect of dielectric satura-
tion in such a way that the potential near a charged
plate is increased but it is decreased in the remaining
space. This general feature of the potential distribu-
tion modified by dielectric saturation has been found
already in the absence of added salts [4].

5. Electrostatic energy, entropy, and free energy
The effect of dieleciric saturation on the electro-

static energy, the entropy, and the free energy can be
examined when these thermodynamic quantities are
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computed at the same salt concentration. Generally,
the intemnal sait conceniration C; at a given externai
salt concentration C; depends on whether or not the
dielectric saturation is taken into account. Thermody-
nainic quantities as well as ¢ have been calculated as
functions of C, for different values of a. Therefore,
the thermodynamic quantities at the same value of
are also obtained.

The electrostatic energy and the entronv ne
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evaluated as follows [12].

df2 D DT
-1 d
Ue,=;%f ax [ EAD ="
0 0 e
{0 1}%_22,\1{3. - _.7}
X U —‘-—z’—-— dy - B( +z‘f)”“}. 26)
1]
de
~TSel=kT{ f C, In(C, /(C, ) dx
dj2
+ [ c m(c_/<c_>)dx) @n
0 )

= (kTdj2) ({C)+{C_»In C.
—(KTd[2) ((C,> In {C;) +(C_) In(C_))

To
+(k7dCy/B) [ sinh~1zay. (28)
(¢}

The corresponding free energy F, is given as follows.
Fyu=Uy—TS8,. (29)

1t has been shown [4] that the definition of the
electrostatic free energy given by egs. (25), (27), and
(29) is consistent with the Boltzmann distribution of

wrsenld 3 £, + o 3. -
small ions for the case of no sdded salts. Consistency

of the Boltzmann distribution eq. (2) with this defini-
tion of the free energy can be also demonstrated in
the presence of added salts.

From the above definitions, eqgs. (25) and (27), the
energy, the eniropy, and the free energy are excess
quantities refered to a hypothetical solution where all
Coulombic interactions between charges are absent.
Small ions are distributed uniformly throughout this
reference solution. It is to be poted that the electo-
static internal energy of the present system is to be re-

2 T T Y
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Fig. 5. Electrostatic free energy F; and entropy S, as func-
tions of surface charge density for different internal salt con-
centrations Cg. FellkT( ), —~Seilk (- - +), interplate dis-
tance 100 A, Sait concentration C (M): (from top to bottom)
1073,0.1, 0.2, and 0.5.

garded as a free energy with respect to the diel
medium, as pointed out by Bell and Levine {13]. Ac-
cordingly, the contribution to entropy from the dielec-
tric saturation as well as the temperature dependence
of a and eg are included in the term U,,. In fig. 5, Fy/

LT and C I ars nintted acaingt tha curfacs charas
A ant —ogy /A Are piOLieq against ind suriace caarge

density for various salt concentrations at a given inter-
plate distance of 100 A. In the calculation, a value of
1011 (cm2/esu)? was used for «. The effect of dielec-
tric saturation can be evaluated by ratios such as U/
U, (0), where the denominator stands for the value
without dielectric saturation (corresponding to the
case that « = 0). An example is given in fig. 6 for the
interplate distance of 100 A. Effects of dielectric sat-
uration on the electrostatic energy, entropy, and free
energy are simiiar to those found in the case of no

ectric
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Fig. 6. Effects of ielectric saturation on the electrostatic
energy Ug,, entropy Sy, and free energy Fg for various sur-
face charge densities and internal salt concentrations C ‘Inter-
plate distance d is 100 A. Salt concemxauon Cg(M): (from
top to bottom) 0.5,0.2,and 2 X 10~2.

added salts [4]. Electrostatic entropy S is affected
considerably while internal energy Uy, is only slightly
affected. The addition of salts does not alter these es-
sential features. For a short interplate distance as 10 A,
the counterion concentration originating from the
sites on plates is very high. Under this condition, ef-
fects of the dielectric saturation are significant and al-
most independent of the salt concentration C fora
range between O and 0.1 M. Accordingly, for the inter-

H. Maeda, F. Oosawa [Effects of dielectric saturation o

plate distance of 10 A, thermodynamic quantities at’
any salt concentration below 0.1 M.are aimost identi-
cal to those obtained-in the previous study in the ab-
sence of added salts. At Jarge interplate distances, on
the other hand, the dielectric saturation has little ef--
fect-in the absence of added salts. The addition of
salts to those solutions causes a deviation from the
state of infinite dilution. Therefore, effects of dielec-
tric saturation become more significant on the addi-
tion of salts. However, the addition of salts is not as
effective as the addition of colloidal electrolytes
(equivalent to the decrease of the interplate distance
d) to amplify the effect of dielectric saturation.

Numerical calculations were carried out witha
FACOM 230-75 computer at the Computation Center
of Nagoya University.
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